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In this paper, we explore the effect of a finite surface charge mobility on the interfacial transport: conductance,
streaming currents, electro- and diffusio-osmotic flows. We first show that the surface charge mobility modifies
the hydrodynamic boundary condition for the fluid, which introduces a supplementary term depending on
the applied electric-field. In particular, the resulting slip length is found to decrease inversely with the
surface charge. We then derive expressions for the various transport mobilities, highlighting that the surface
charge mobility merely moderates the amplification effect of interfacial slippage, to the noticeable exception of
diffusio-osmosis and surface conductance. Our calculations, obtained within Poisson-Boltzmann framework,
highlight the importance of non-linear electrostatic contributions to predict the small concentration/large
charge limiting regimes for the transport mobilities. We discuss these predictions in the context of recent
electrokinetic experiments with carbon nanotubes.
I. INTRODUCTION
Electro-osmosis, streaming currents or diffusio-osmosis
are canonical examples of electrokinetic transport in soft
matter1. These transport phenomena are all interfa-
cially driven and take their roots within the very first
nanometres close to the channel surfaces2. This yields
a high sensitivity of electrokinetic transport to surface
details: this both raises considerable difficulties in the
description of these intrinsically nanofluidic phenomena,
but also brings a considerable richness, leading in some
cases to disruptive innovations e.g. in energy harvesting3.
Numerous interfacial properties do affect the electroki-
netic transport, among which one may quote interfa-
cial hydrodynamic slippage4–7, ion specificity8, dielec-
tric anomalies9,10, charge regulation11–13, Stern layer
mobility14, etc.
In this paper we consider the effect of mobile surface
charges on the electrokinetic transport, treating the elec-
tric double layer at the non-linear Poisson-Boltzmann
level. Usually, surface charge is considered to result from
the chemical reactivity at the surface when dipped into
water, involving typically acid-base surface reaction as
[A−H]s → [A−]s +H+, where the negative group [A−]s
remains fixed on the surface, while proton diffuses in the
solution. The surface charge generates an electric dou-
ble layer at the root of the interfacially driven transport
phenomena.
Here we consider a situation where the (say) negative
groups generating the surface charge do physisorb on the
surface, but without covalent bonding with the surface.
This is for example the situation of charged groups con-
fined within fluid membranes15,16, or the surfactant ad-
sorption on liquid-vapor interface, potentially leading to
electro-osmotic mobility17. Here we rather consider as
a)Electronic mail: lyderic.bocquet@lps.ens.fr
a prototypical example the weak physisorption of (say,
negative) ions on a solid surface, so that these keep a lat-
eral mobility while adsorbed on the surface. The ques-
tion of ion transport within the so-called ’stagnant layer’
in the electric double layer was raised in a number of
early works18, notably in an attempt to explain discrep-
ancies between the surface charge and its electrokinetic
counterpart10,18. However the possibility of more ad-
vanced modifications of the hydrodynamic boundary con-
dition as investigated here, and its consequences, was not
considered. In this context, new insights are provided by
experiments on fluid and ionic transport in single car-
bon nanotubes. These systems were shown to exhibit
large hydrodynamic slippage at their surfaces19, while
electrokinetic measurements suggested the presence of a
surface charge taking its root in the (weak) adsorption
of hydroxide ions on the carbon interface11. This picture
was confirmed recently by ab initio simulations20, show-
ing furthermore that the OH− mobility remains large
even while physisorbed on the surface, due to low friction
on carbon surfaces. Similar conclusions were drawn from
the ion mobility in molecular confinement achieved with
graphite walls21. These investigations represent there-
fore a unique opportunity to disentangle the effects of
mobility of physisorbed ion and slippage in electrokinetic
transport, shedding a new light on the underlying mech-
anisms at stake. A full understanding requires that con-
sistent formulas for the transport coefficients be obtained
taking into account all various dynamical mechanisms at
play.
In this paper we thus explore how the mobility of the
ions constituting the surface charge do modify the elec-
trokinetic transport phenomena. In particular, we show
how the finite ion mobility at the surface modifies the hy-
drodynamic slippage boundary condition at the surface,
as well as its effect on electrokinetic transport. We ex-
plore specifically conductance, electro-osmosis, streaming
current, diffusio-osmotic flow and diffusio-osmotic cur-
rent.
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2II. MODIFIED HYDRODYNAMIC BOUNDARY
CONDITION
We first show in this section that the surface charge
mobility leads to a modification of the hydrodynamic
boundary condition at the surface.
We consider a semi-infinite fluid volume and we de-
fine x and z as the axis along and perpendicular to the
plane, respectively (see Figure 1). We choose z = 0 at
the position of the adsorbed ions. We denote the sur-
face charge as Σ (C.m−2) and assume here for simplicity
that it is negative. This charge is assumed here to re-
sult from the weak physisorption of a specific ion species
at the surface – e.g. OH− for carbon nanotubes – , we
treat the possible bulk and adsorbed ions of this specie
as two distinct populations with prescribed densities, a
possible link between adsorbed and bulk densities will be
discussed below. We assume accordingly a finite lateral
mobility of these adsorbed ions. We also introduce a sur-
face density of the mobile charge as Σn = −Σ/e, and the
fluid velocity (along the x-axis) as V (z). We consider
a monovalent salt, such as potassium chloride KCl with
a bulk concentration C∞ and we assume, except when
specifically stated, that in the bulk the two ions have
equal diffusivities D+ = D− .
We also assume that in the absence of ions, the fluid
obeys a partial slip boundary condition at the surface,
with a slip length b0.
b0 × ∂zV
∣∣∣∣
wall
= Vslip (1)
where Vslip = V (z = 0) is the slip velocity of the fluid
at the surface. Let us now write the force balance on a
single physisorbed ion. In the presence of a water flow -
with slip velocity Vslip in the adsorbed layer - and in the
presence of a tangential electric field −∂xψ (if any), the
ion will experience friction forces due to its relative mo-
tion versus both water molecules and wall surface, as well
as a direct electric force. For a (negative) physisorbed ion
with lateral velocity v−, the force balance in the station-
ary state can thus be written as:
0 = −λs(v− − Vslip)− λwv− + (−e)(−∂xψ) (2)
where λw and λs are the friction coefficients of the ion
with wall and water, respectively. This leads to a velocity
of a physisorbed ion in the presence of a water flow and
electric field, in the form:
v− =
λs
λs + λw
Vslip +
(−e)
λs + λw
(−∂xψ) (3)
The first term accounts for the additional wall friction
acting on the adsorbed ions, so that their velocity may
differ from the fluid velocity at the surface, Vslip. Note
that as expected, the ion velocity vanishes for infinite
ion-wall friction λw →∞.
In order to obtain the modified slip boundary condition
in the presence of the mobile ions, we now turn to the
force balance on the interfacial fluid layer, consisting in
the water and physisorbed ions. This force balance takes
the form:
0 = Σ(−∂xψ)− λ0Vslip − λwΣnv− + η∂zV
∣∣∣∣
wall
(4)
where η is the fluid viscosity and λ0 = η/b0 is the water-
wall friction coefficient. This equation generalizes the
standard force balance on a fluid, with the additional
friction effects due to the physisorbed ions, as well as the
effect of a tangential electric field on this charged layer.
Using the previous expression for the ion velocity v−,
one gets the modified hydrodynamic boundary condition
for the fluid in the presence of the physisorbed ions at
the interface, undergoing a tangential electric field:
beff × ∂zV
∣∣∣∣
wall
= Vslip − αs beff
η
× Σ (−∂xψ)
∣∣∣∣
wall
(5)
where αs =
λs
λs+λw
and the effective slip length is
beff =
b0
1 + βs × Σn (6)
with βs =
1
λ0
λsλw
λs+λw
. The effective slip length takes into
account the ion contribution to the wall friction. Due
to the mobility of the ions at the interface, the hydro-
dynamic boundary condition also involves a new electric
term. Note that in this boundary condition, we omitted
for simplicity surface charge gradients, which may lead
to Marangoni like contributions in the force balance. In
the following we will neglect such contributions which we
leave for future studies, and rather focus on the effect of
finite surface charge mobility.
III. CONDUCTANCE, STREAMING AND
ELECTRO-OSMOSIS
A. Electrostatics within the electric double layer: basic
reminders
Before exploring the transport phenomena, we re-
call several classical resuts of the electric double layer
which will be useful for the following calculations, see
Ref.22 for a detailed review. In the framework of the
Poisson-Boltzmann equation, the equilibrium concentra-
tion profile of ions takes the Boltzmann form, C± =
C∞ exp(∓Φ), with Φ = eψ/kBT the dimensionless elec-
trostatic potential. The potential ψ verifies Poisson’s
equation:
∇2ψ = −e(C+ − C−)

− Σ

δ(z) (7)
3with  the dielectric permittivity, e the elementary
charge and δ(z) the Dirac distribution. The resulting
Poisson-Boltzmann (PB) equation for the electrostatic
potential can be written as:
∇2Φ = κ2 sinh Φ + 2δ(z)
`GC
(8)
with κ2 = 8pi`BC∞ the screening factor and `B the
Bjerrum length `B = e
2/4pikBT . This also introduces
the Gouy-Chapman length defined as `GC = 1/2piΣn`B ,
see22. In the semi-infinite 1D geometry considered here,
the PB equation can be integrated to yield:
tanh
Φ
4
= γ exp(−κz) (9)
with γ = tanh( eψ04kBT ) and ψ0 the surface potential. The
parameter γ obeys the equation γ2 + 2 `GCλD γ − 1 = 0.
Gauss theorem shows that the relation between the
(dimensionless) surface potential Φ0 = eψ0/kBT and
the physisorbed surface charge Σ is Σ = e2pi`BλD sinh
Φ0
2 ,
which can be conveniently rewritten as:
sinh
|Φ0|
2
=
1
κ`GC
(10)
In the following a key parameter will be χ = 1/κ`GC ,
the ratio between the Debye length λD = κ
−1 and the
Gouy-Chapman length. This parameter χ is proportional
to the surface charge χ ∝ |Σ|.
B. Conductance
Let us first consider the effect of surface charge mo-
bility on the conductance across a channel. To simplify
the discussion, we consider a rectangular geometry with
height h, width w  h, and length L h. The thickness
of the Debye layer is assumed to be small compared to
the channel height h λD.
The current under an applied (tangential) electric field
E0 is:
Ie = w ×
∫ h
0
e(C+ − C−)(z)V (z)dz
+w ×
∫ h
0
e2(µ+C+ + µ−C−)(z)E0dz + 2w × Σv−
(11)
where the ion mobilities are defined as µ± =
D±
kBT
, here
assumed to be equal for simplicity µ = µ+ = µ− (which
is e.g. the case of KCl).
We write the expression for the current as the sum of
FIG. 1. Sketch of the considered geometry. In a channel of
height h, water flows with a velocity V (z) along the x-axis, the
surface velocity is Vslip prescribed by the effective slip length
beff . The mobile adsorbed ions are sketched in yellow, while the
bulk ions are in blue and red for positive and negative charges,
respectively.
two terms, Ie = Ino−slip + Islip, where:
Ino−slip = w ×
∫ h
0
e(C+ − C−)(z)× (V (z)− Vslip)dz
+w ×
∫ h
0
e2(µ+C+ + µ−C−)(z)E0 dz (12)
accounts for the ’no-slip’ contribution to the current and
the ’slip’ contribution to the conductance is defined as
Islip = w
∫ h
0
e(C+ − C−)(z)Vslipdz + 2w × Σv− (13)
The derivation of the ’no-slip’ contribution to the cur-
rent follows as usual, and we leave details to Refs.2,23.
The ’no-slip’ conductance G = Ino−slip/E0 is the sum of
the standard bulk term:
Gbulk = 2µe
2C∞A (14)
and a surface term2,23,24, which can be written as:
Gsurf,0 = 2wµe|Σ|(1 + δ)× χ√
1 + χ2 + 1
(15)
where δ = 1/(2pi`Bµη) is a dimensionless parameter
accounting for the electro-osmotic contribution to the
conductance (η the fluid viscosity); the parameter χ =
1/κ`GC is proportional to the surface charge χ ∝ |Σ|.
We now consider the supplementary contribution in-
duced by the slippage on the conductance, which is af-
fected by the surface charge mobility. This can be written
as:
Islip = 2w × Σ (v− − Vslip) (16)
The slip velocity results from the electro-osmotic con-
4tribution to the flow, which we will consider in details
in section III.D; its expression is given in Eq.(27). Using
the expression of the adsorbed charges velocity of Eq.(3),
one deduces the slip-induced surface conductance as:
Gsurf,1 = 2w
[
beff
η
× (1− αs)2 Σ2 + eµw|Σ|
]
(17)
where µw = 1/(λs + λw) is the surface electro-phoretic
mobility of the adsorbed ions.
The first term is similar to expected slip contribution
to the surface conductance, as for example discussed in
Ref.2, but here corrected for the mobility of the adsorbed
ions. The second term corresponds to the electrophoretic
contribution of the mobile ions.
Altogether, the conductance is the sum of the three
previous terms in Eqs.(14), (15), (17)
G = Gbulk +Gsurf,0 +Gsurf,1 (18)
C. Streaming currents
We now consider the electric current induced by a flow
in absence of any applied electric field. The flow is con-
trolled by a pressure gradient ∇p applied on a channel.
A Poiseuille flow builds up in and carries the charges in
the system.
The electric current generated by the flow is then de-
fined as:
Istream = w×
∫ h
0
e(C+−C−)(z)V (z)dz+2w×Σv− (19)
where the last term is the contribution of the mobile ad-
sorbed layer.
Within the diffuse layer close to the surface, the flow
can be approximated as V (z) ' γ˙w(z + beff), where the
value for the shear rate at the surface, γ˙w, is obtained
in terms of the pressure drop as γ˙w =
h
2η (−∇p); beff is
the effective slip length introduced above. Similarly, the
mobile ion velocity is defined in terms of the fluid slip
velocity, v− = αs × Vslip, with αs = λsλs+λw . Accordingly
we have v− = αs × h2η (−∇p)× beff .
This allows to rewrite the streaming current as:
Istream =
A
η
(−∇p)×
[∫ h/2
0
e
4pi`B
(
−d
2Φ
dz2
)
(z + beff)dz
+αs Σ beff
]
(20)
with A = wh the channel cross-sectional area.
Integrating the first term by parts in the limit of small
Debye layer, h/λD →∞ leads to:
Istream = −A
η
(−∇p)×
[
 ψ0 + (1− αs) Σ beff
]
(21)
The corresponding streaming mobility takes the form:
µEO = −1
η
[
 ψ0 + (1− αs) Σ beff
]
(22)
The second term includes the mobile ion contribution,
in addition to the slip induced contribution similar to
Ref.2. As for the conductance, the surface charge mobil-
ity is shown to correct the apparent surface charge con-
tribution to the streaming mobility by a factor 1− αs.
D. Electro-osmosis
In the same geometry as the previous section, we now
consider the fluid transport induced by a tangential elec-
tric field E0. Projected on the x-direction, the Stokes
equation for a fluid element takes the form:
0 = η∇2V −∇xp+ e(C+ − C−)× E0 (23)
which, using the Poisson’s equation, can be rewritten as:
η
d2V
dz2
= − e
4pi`B
(
−d
2Φ
dz2
)
× E0 (24)
Integrated once ( from z to h/2 in the thin Debye layer
limit), one gets:
η
dV
dz
(z) = − e
4pi`B
(
−dΦ
dz
)
× E0 (25)
so that :
VEO − Vslip = −ψ0
η
× E0 (26)
where we define the electro-osmotic velocity as VEO =
V (h/2), in the thin Debye layer limit.
Crucially, the slip velocity results from the modified
boundary condition in Eq.(5), taking into account the
surface electric contribution to the slip boundary condi-
tion. Combined with Eq.(25), one obtains:
Vslip = − (1− αs)Σbeff
η
E0 (27)
Gathering contributions one gets:
VEO = −1
η
[ψ0 + (1− αs) Σ beff ]× E0 (28)
Inspecting Eqs.(21) and (28), one can verify that the
Onsager symmetry, which imposes equality of the electro-
osmotic and streaming mobility, is indeed satisfied, as it
should. This is an important validation for the modi-
fied hydrodynamic boundary condition, in particular of
the additional term accounting for the electric field in
the interfacial layer, which is central in the derivation of
the electro-osmosis. To our knowledge, this modification
5of the hydrodynamic boundary condition is usually not
taken into account.
IV. DIFFUSIO-OSMOTIC FLOW AND CURRENTS
In this section we explore specifically diffusio-osmotic
transport, by which a flow is driven under a salt concen-
tration gradient, as well as its consequence on the electric
current induced by salinity gradients. Such interfacial
transport phenomena play a central role in the context
of blue energy harvesting3.
A. Diffusio-osmotic flow under salt gradient
We first extend the calculation of the diffusio-osmotic
flow in Ref.25 to account for the combined effects of finite
ion mobility and interfacial slippage. A salt concentra-
tion gradient ∇C∞ is applied along the x-direction far
from the surface. The Debye layer is much smaller than
the distance over which C∞(x) varies, so that one may
consider ions to have relaxed locally towards equilibrium
in the z-direction, C±(x, z) = C∞(x) exp(∓Φ(z)), with
Φ the above solution of the PB equation. The Stokes
equation for a fluid element takes the form:
0 = η∇2V −∇p+ e(C+ − C−)(−∇ψ) (29)
Projecting the Stokes equation along the direc-
tion z perpendicular to the surface, one may inte-
grate the pressure field to obtain p(x, z) = p∞ +
2kBT C∞(x) [cosh Φ(z)− 1]. Substituting this result in
the x component of the Stokes equation yields the equa-
tion for the velocity field:
η
d2V
dz2
= 2kBT [cosh Φ(z)− 1]× dC∞
dx
(30)
This equation can be integrated twice and using the
effective slip boundary condition in Eq.(5) (here, with a
vanishing electric field), one obtains the slip velocity of
the fluid at the surface:
Vslip = −beff 2kBT
η
[∫ h/2
0
[cosh Φ(z)− 1] dz
]
× dC∞
dx
(31)
The integral can be computed exactly in the thin
Debye layer limit using the change of variable z(Φ)
which can be written, thanks to Eq.(8), as: dz =
−dΦ/κ√2 [cosh Φ(z)− 1]. This leads to:
Vslip = −2beffλD
η
[
cosh
Φ0
2
− 1
]
× 2kBT dC∞
dx
(32)
with Φ0 = eψ0/kBT the dimensionless surface potential.
Using cosh Φ02 − 1 =
√
1 + χ2 − 1, one obtains the final
expression of the slip velocity:
Vslip =
kBT
2piη `B
beff
λD
[√
1 + χ2 − 1
]
×−∇x logC∞ (33)
Using once more the Stokes equation, one can obtain the
full diffusio-osmotic (plug) velocity profile far from the
surface, in the form
V∞ = DDO ×−∇x logC∞ (34)
where the diffusio-osmotic mobility (with the dimension
of a diffusion coefficient) is now the sum of the slip and
the bulk contributions:
DDO=
kBT
2piη `B
(
beff
λD
[√
1 + χ2 − 1
]
+ ln
[√
1 + χ2 + 1
2
])
(35)
with χ the parameter previously defined as the ratio
of the Debye to the Gouy-Chapman lengths χ(Σ) =
1/κ`GC .
This expression of the diffusio-osmosis coefficient with
mobile surface charges reveals that the mobility of the
adsorbed ions enters only via the modification of the ef-
fective slip length and – in contrast to electro-osmosis –
there is no reduction of the ‘apparent’ surface charge by
the surface charge mobility. This can be rationalised by
the fact the diffusio-osmosis arises from an equilibrium on
the direction transverse to the one of the surface charges
mobility. Furthermore, the contribution proportional to
the slip length is basically the equivalent of a Marangoni
flow induced by a surfactant gradient.
Note that if the assumption of equal cation and
anion mobilities is relaxed, then a supplementary
“chemiphoretic” contribution to the diffusio-osmotic flow
results from the so-called diffusional electric field which
builds up under a salinity gradient and takes the form
Ediff =
kBT
e
β × (−∇x logC∞)
with β = µ+−µ−µ++µ− . This will induce a supplementary
electro-osmotic contribution to the diffusio-osmotic cur-
rent. Using Eq.(28) – which accounts for the modification
of the hydrodynamic boundary condition under the sup-
plementary electric field – this leads to a supplementary
contribution to the diffusio-osmotic mobility in the form
DsuppDO = −β
kBT
e
[
ψ0
η
+ (1− αs) Σ beff
η
]
(36)
6B. Generated osmotic current
As for streaming currents, the diffusio-osmotic flow will
convey ions in the electrical double layer and produce a
corresponding electric current by convection of the ions
in excess. This effect was first discussed by Fair and
Osterle26 in the context of the reverse electro-dialysis
phenomenon and was measured experimentally in boron-
nitride nanotubes27. Here, the physisorbed ions will con-
tribute to the induced diffusio-osmostic current by a sup-
plementary contribution.
We still consider the rectangular channel described be-
fore, with dimensions larger than the Debye screening
length (thin diffusive layer limit). In this geometry the
diffusio-osmotic current is defined as:
IDO = 2w
[∫ h/2
0
dz e(C+ − C−)V (z) + Σ× v−
]
(37)
where the last contribution accounts for the contribution
of the mobile ions to the diffusio-osmotic current. In this
equation, the bulk fluid velocity V follows from Eq.(30),
while the ion velocity in the interfacial layer is related to
the slip velocity according to Eq.(3). In the following
we consider the limit of small Debye layer, h/λD →∞.
Let us compute first the bulk contribution to the
diffusio-osmotic current, i.e. the first term in Eq.(37).
Using Poisson’s equation C+ − C− = −∂2zΦ/4pi`B , this
term can be rewritten as:
I
(1)
DO = 2w
e
4pi`B
∫ ∞
0
dz (−∂2zΦ)V (z) (38)
This integral can then be integrated twice by parts to
yield:
I
(1)
DO= 2w
e
4pi`B
{
∂zΦ(0)V (0)− Φ(0) dV
dz
(0)
−
∫ ∞
0
dzΦ(z) [cosh Φ(z)− 1]× 2kBT
η
dC∞
dx
}
(39)
where we used Eq.(30). The latter Stokes equation is also
used to calculate the shear-rate at the surface
dV
dz
(z = 0) = −2kBT
η
∫ ∞
0
dz [cosh Φ(z)− 1]× dC∞
dx
(40)
Gathering expressions, one obtains:
I
(1)
DO= 2w eΣnVslip
+2w e
kBT
2piη `B
dC∞
dx
∫ ∞
0
dz (Φ0 − Φ(z)) [cosh Φ(z)− 1]
(41)
with the slip velocity given by Eq.(33). The integral can
be calculated using the same change of variables as above
to obtain the result:
I
(1)
DO = 2w eΣnVslip+2w e
kBT
piη `B
1
κ
(
2 sinh
Φ0
2
− Φ0
)
∇xC∞
(42)
Rewriting this equation in terms of the surface charge
(remembering that Σ = −eΣn < 0) and using the re-
lationship between the surface potential and the surface
charge of Eq. (10), one obtains:
I
(1)
DO= 2w × (−Σ)
kBT
2piη `B
{
beff
λD
[√
1 + χ2 − 1
]
+
(
1− sinh
−1 χ
χ
)}
×−∇x logC∞
(43)
with χ = 1/κ`GC .
Now the second (surface) contribution to the diffusio-
osmotic current in Eq.(37) can be rewritten in terms of
the fluid slip velocity:
I
(2)
DO = 2wΣ× αs × Vslip (44)
with αs = λs/(λs + λw) defined in terms of the phys-
iosorbed ion friction. Using the expression for the slip
velocity obtained above in Eq.(33), one gets:
I
(2)
DO= 2wΣ×
2beffαsλD
η
[√
1 + χ2 − 1
]
×2kBT (−∇x logC∞) (45)
Overall the corresponding mobility Kosm, defined as:
IDO = Kosm × (−∇x logC∞),
thus takes the form Kosm = K
(1)
osm +K
(2)
osm with:
K(1)osm = 2w × (−Σ)
kBT
2piη `B
(
1− sinh
−1 χ
χ
)
(46)
and
K(2)osm = 2w × (−Σ)
kBT
2piη `B
(1− αs)beff
λD
[√
1 + χ2 − 1
]
(47)
with αs =
λs
λs+λw
. We remind that the effective slip
length is a decreasing function of the surface charge, as
beff(Σ) = b0/(1 + βsΣn).
For high surface charge, the second contribution K
(2)
osm
reduces to the simple form:
K(2)osm =
2w
L
eΣ2n × beff(1− αs)
kBT
η
(48)
Since beff ∼ 1/Σn, this term scales as K(2)osm ∝ Σn, like
the first contribution K
(1)
osm.
Finally, if the assumption of equal cation and anion
mobilities is again relaxed, a supplementary contribution
to the diffusio-osmotic current arises from the induced
7diffusional electric field as discussed above. This leads
to a supplementary contribution to the mobility Kosm
which can be written as:
Ksupposm = G×
kBT
e
× β, (49)
where the expression for the conductance G is given in
Eq.(18). In this expression the ion mobility is taken as
the average µ = 12 (µ+ + µ−).
V. DISCUSSION
A. Small versus large surface charge
The various transport coefficients depend strongly on
the surface charge with a change of behaviour character-
ized by the parameter χ = λD/`GC , with a transition
occurring for χ = 1. We can rewrite this condition in
terms of surface charge density (Σ = −eΣn) and salt
concentration C∞: χ = (2piΣn`B)/
√
8pi`BC∞, so that
the limit between the two regimes is fixed by the thresh-
old Σ2n`B/C∞ ≈ 1. This suggests the introduction of a
dimensionless charge number:
Ce =
Σ2n`B
C∞
Interestingly, Eq.(10) (which correspond to the Grahame
equation28) shows that Ce > 1 corresponds to the onset
of non-linearities in the Poisson-Boltzmann framework,
so that the large charge/low concentration behaviour of
the transport coefficients are not properly predicted by
a linearised Debye-Hu¨ckel theory. For a given surface
charge, the concentration threshold below which surface
charge effect will show up is therefore [C∞]threshold =
Σ2n`B . For Σ = 0.1 C/m
2, [C∞]threshold ≈ 0.4 M, so
that the transport coefficient are strongly affected by
non-linear electrostatic effects as soon as the salt concen-
tration is below 0.4 M. On the other hand, for Σ = 0.01
C/m2, [C∞]threshold ≈ 4 mM so that non-linear electro-
static effect only apply for very low concentrations, and
the low charge regime apply for most of the concentra-
tions window.
The consequences on transport are considerable:
• For Ce > 1 (i.e. Σn >
√
C∞
`B
), which corresponds to a
large surface charge or low salt concentrations regime,
strong non-linear effects occur: the surface contribu-
tions to transport conductance and diffusio-osmotic cur-
rent scale linearly in the surface charge ∼ Σ1, while the
electro-osmotic mobilities scale as a sum of a constant
and a surface charge logarithmic term µ ∼ cst + log |Σ|.
• For Ce < 1 (i.e. Σn <
√
C∞
`B
), which corresponds
to the small surface charge or high salt concentration
regime, the surface contributions to transport coefficients
scale as Σn with n = 1 (electro-osmotic mobility), n = 2
(conductance and diffusio-osmotic mobilities) and n = 3
(diffusio-osmotic currents).
Accordingly the value of the surface charge has a con-
siderable effect on the transport phenomena, in particu-
lar in the small salt concentration regime (quantified by
Ce < 1). The linear scaling in surface charge for elec-
trokinetic phenomena highlighted for large charges does
change to quadratic or even cubic dependences in surface
charge for small charges: such contributions are accord-
ingly vanishingly small.
For example in the case of ionic current induced under
salinity gradients, the mobility Kosm scales as Kosm ∼ Σ3
from Eq.(46) at low concentration, while Kosm ∼ Σ for
large charge. Accordingly the diffusio-osmotic current
is expected to be extremely small for small charge but
strongly enhanced for large charges. A linear scaling of
Kosm in surface charge was measured experimentally in
boron-nitride nanotubes in Ref.27, for which very high
surface charge was measured. The different behaviours
of the transport coefficient as a function of the surface
charge are displayed in the Table I. for high and low
surface charges and with and without mobile charges.
As a last comment, we mention that the discussion of
large versus small charge limiting regime becomes par-
ticularly subtle when the surface charge takes its origin
in charge regulation mechanisms. Indeed it was shown
recently11–13,29 that in this case, the surface charge is
expected to scale with the salt concentration via a scal-
ing dependence, in the form Σ ∝ Cp∞, with an exponent
p ≈ 1/3− 1/2 depending on the salinity regime. In par-
ticular for p = 1/2, Ce becomes independent of the con-
centration, so that the electrolyte remains either in the
strongly non-linear regime, or in the weakly non-linear
regime, whatever the value of salinity C∞. This affects
directly the expectations for the amplitude of the vari-
ous transport coefficients, whose mobility µ will scale as
a power law as a function of salinity like µ ∝ (C∞)np (de-
pending on the regime and transport phenomena under
investigation).
B. Mobile ion contribution to the transport coefficient
The derivation of the transport coefficient in the case
of mobile surface charge exhibits in most cases a mod-
erating mechanism which tends to reduce the surface ef-
fects, with the noticeable exception of diffusio-osmosis
and for the conductance which we discuss in the next
section. In particular, it appears through an effective re-
duced surface charge (1 − αs)Σ, and via the reduction
of the effective slip-length (since at high surface charge
b0  beff ∼ 1/Σ). We remind that 1−αs = λw/(λs+λw)
the ratio between the friction coefficient of the adsorbed
ions on the surface to the total friction coefficient.
This can be seen in particular for streaming cur-
rents. A large slip length would be expected to in-
duce a high value for the zeta potential, here defined
as ζ = ψ0 + (1 − αs)Σbeff/ . However, the mobility of
the adsorbed ions will reduce the slippage effect via the
8Low surface charge High surface charge
without mobile charges with mobile charges without mobile charges with mobile charges
µEO Σ + b0Σ Σ + (1− αs)beffΣ cst+ log|Σ|+ b0Σ cst+ log|Σ|+ (1− αs)beffΣ
DDO Σ
2 + b0Σ
2 Σ + beffΣ
2 cst+ log|Σ|+ b0Σ cst+ log|Σ|+ beffΣ
KDO Σ
3 + b0Σ
3 Σ3 + (1− αs)beffΣ3 Σ + b0Σ2 Σ + (1− αs)beffΣ2
Gsurf,0 Σ
2 Σ2 Σ Σ
Gsurf,1 b0Σ
2 µw|Σ|+ (1− αs)2beffΣ2 b0Σ2 µw|Σ|+ (1− αs)2beffΣ2
TABLE I. Table showing the main scalings of the different dependences on surface charge and slippage of the transport
coefficient, with and without mobile surface charges, for both the low and high surface charge regimes. We remind that the
effective slip length beff depends on the surface charge according to Eq.(5).
(1 − αs) coefficient. In the limiting case of a perfectly
mobile surface charge αs = 1, the contribution due to
slippage fully vanishes. Physically, (and in the absence
of surface potential ψ0) this situation would corresponds
to a flow conveying a globally neutral electrolyte (hence
no induced streaming current), separated into a nega-
tively charged adsorbed layer and a positively charged
Debye layer both translated at the same velocity. The
same reasoning apply to the contribution of slippage for
electro-osmosis and diffusio-osmotic currents.
It is accordingly crucial to obtain an estimate of the ion
friction on the wall, in addition to the slip length, in order
to rationalize the effect of slippage on the corresponding
transport coefficients and disentangle the various contri-
butions.
C. Surface conductance versus Zeta potential: some hints
to a puzzle ?
It is worth noting that the moderating effect discussed
above does not apply for all transport coefficients. Indeed
the conductance has an additional positive contribution
due to the ability of surface charges to move when an
electric field is applied. As reported in Eq. (17), this
term is linear in surface charge: Gs,e = 2weµw|Σ|, with
µw = 1/(λw + λs) the adsorbed ion mobility.
In contrast, the electro-phoretic mobility of adsorbed
ions appears in the streaming/electro-osmotic mobility
through a coefficient λwbeffµw. This contribution in-
volves a prefactor which is different by nature since it
is directly related to the slippage of both water (beff) and
that of the adsorbed charges (via λw). This points that
the link between surface conductance and charge may be
not obvious and straightforward in some systems.
This is particularly evident for small surface charges
(Ce < 1). Indeed as Σ → 0, the electrophoretic contri-
bution to the surface conductance Gs,e remains linear in
Σ, while the standard surface conductance, e.g. Gsurf,1
and Gsurf,0, are quadratic in Σ for low charge. In this
limit, the surface conductance is merely dominated by
the electrophoretic contribution of the adsorbed ions:
Gs,e = 2weµw|Σ| (50)
while the electro-osmotic mobility is then:
µEO ≈ |Σ|λD
η
(
1 +
λw
λw + λs
× beff
λD
)
(51)
which for large slippage (say, for carbon interface)
can be expressed as a function of the dominant electro-
phoretic surface conductance:
µEO ≈ Gs,e
2we
× λwbeff
η
(52)
This expression makes clearly visible that the two quan-
tities are not obviously related, because they are coupled
via the product of the slip length to the ion friction on
the interface. Mobility of charges should accordingly be
a supplementary effect to include in order to rationalize
the origin of some discrepancies between zeta potential
and conductance, which was exhaustively discussed in
several works10,18. Note that this equation also provides
a direct way to quantify λw, the ion-wall friction coeffi-
cient, by measuring in this regime both conductance and
electro-osmotic mobility.
D. Combined effects of fixed and adsorbed charges
In this section we briefly extend the previous analysis
by considering the combined effects of coexisting mobile
and fixed charges at the surface on transport coefficients.
We denote as Σt the total surface charge. It is the sum
of the mobile Σm and fixed Σ0 surface charges so that
Σt = Σm + Σ0. The parameter χ is now proportional to
the total surface charge Σt, and we now give the different
expressions of the transport coefficient. The derivations
follows similar steps as in the previous calculations and
we give here only the main results.
Modified hydrodynamic boundary condition– The modi-
fied hydrodynamic boundary condition involves the mo-
9bile contribution to the surface charge, as :
beff × ∂zV
∣∣∣∣
wall
= Vslip − αs beff
η
× Σm (−∂xψ)
∣∣∣∣
wall
(53)
where the effective slip length is now:
beff =
b0
1 + βs×|Σm/e| (54)
Conductance – The total conductance G is the sum of
a bulk term, which remain unchanged, and two surface
terms that are now given by:
Gsurf,0 = 2wµe|Σt|(1 + δ)× χ√
1 + χ2 + 1
(55)
Gsurf,1 = 2w
[
beff
η
× [Σ0 + Σm(1− αs)]2 + eµw|Σm|
]
(56)
where µw = 1/(λs + λw) is the surface electro-phoretic
mobility of the adsorbed ions.
Streaming or electro-osmotic mobility – The electro-
osmotic mobility takes now the form:
µEO = −1
η
[
 ψ0 + (Σ0 + Σm(1− αs)) beff
]
(57)
Diffusio-osmosis – The diffusio-osmotic mobility is not
modified except via the dependency of beff with the mo-
bile surface charge density Σm and χ which depends on
the total surface charge Σt. In contrast, the diffusio-
osmotic current mobility is explicitly modified and now
takes the form: Kosm = K
(1)
osm +K
(2)
osm with:
K(1)osm = 2w × |Σt|
kBT
2piη `B
(
1− sinh
−1 χ
χ
)
(58)
and
K(2)osm = 2w×|Σ0+Σm(1−αs)|
kBT
2piη `B
beff
λD
[√
1 + χ2 − 1
]
(59)
Altogether, it is interesting to note that the transport
coefficients gather differential contributions originating
in both the fixed and mobile part of the surface charge,
with a complex interplay between the two. This also
originates from the differential dependence of transport
on the electrostatic and dynamic contributions of the mo-
bile charges. This may actually allow to separate the two
contributions from the study of all transport coefficients
for a given interface.
E. Consequences on experimental measurements
Carbon nanotubes represent a very interesting system
to explore the consequences of the surface charge mobil-
ity on the electrokinetics. These systems were shown
to highlight very large, radius dependent, slippage19,
while exhibiting a substantial surface charge11, as in-
ferred from conductance measurements. The latter was
conjectured to originate in the adsorption of hydroxide
ions at the carbon surface. Recent ab initio simulations
actually confirmed the physisorption of OH− on carbon
surfaces, while strong covalent bonding on boron-nitride
surfaces20. Furthermore the hydroxide ions were shown
to keep a large lateral surface mobility on carbon sur-
faces, even when physisorbed. From the above expres-
sions for the various mobilities, the slip induced contribu-
tions to the transport mobilities are expected to be dom-
inant for carbon nanotubes, because the slip length was
measured to be very large, up to hundreds of nanome-
ters (increasing with decreasing diameter)19. However,
the dependence of the slip length with salinity remains
up to now unexplored, in particular in the context of the
prediction for the charge dependence of the slip length
derived here, Eq.(6). Furthermore, as emphasized previ-
ously, the amplification effect due to interfacial slippage
may be counteracted by the finite mobility of the ph-
ysisorbed ions (via the 1 − αs term in the various mo-
bilities). The two effects, slippage and interfacial ion
mobility, are intertwined and it is not a priori obvious to
predict the amplitude of the corresponding slippage term
in the transport mobility. This suggests to explore the
various transport coefficients in carbon nanotubes and
investigate their variations with salt concentration, pH,
and tube radius, in order to disentangle the various con-
tributions to the transport mobilities. Only the compar-
ison of all transport coefficients would allow to extract
unambiguously the various coefficients at play (e.g. slip
lengths, surface mobility, friction coefficients, etc.).
Another phenomenon of interest is the so-called blue
energy harvesting, whereby electric current is generated
by salinity gradients, see3 for a review. As highligthed
in Ref.7, hydrodynamic slippage can strongly enhance
the salinity-gradient power conversion. However, in this
work we show that the slip-length cannot be considered
without the effect of adsorbed mobile charges that tends
to reduce the harvesting efficiency. For example, car-
bon nanotubes and their large slip length could be at
first sight a good candidate for energy conversion despite
their relatively low surface charge. However, their ad-
sorbed charge mobility (that remains to be measured)
could reduce the harvesting efficiency. Again, only a de-
tailed investigation of the various transport phenomena
would allow to confirm the contribution of the various
phenomena at play in the electric current generation un-
der salinity gradients.
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